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New Panel Method for Supersonic Flows
About Arbitrary Configurations
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Steady supersonic linearized potential flows about several types of configurations are simulated using a new
panel-method program. Linear distribution of doublet is adopted to ensure the continuity of the strength on
panel edges, while both constant and linear distributions are examined for source. Morino's scheme is employed
in most cases. The velocity boundary condition scheme is also applied in some cases. The results show good
agreement with analytical solutions or wind-tunnel tests unless perturbation is too large to justify the lineariza-
tion. The computation time is within a reasonable limit, and the program size is comparable to that of the panel
method for incompressible or subsonic flow.

Nomenclature
aijt bik = influence coefficients
CD = drag coefficient
CDQ - zero-lift drag coefficient
Cp - pressure coefficient
CL =lift coefficient
M = freestream Mach number
U) Vt w = perturbation velocity
x = axial or chordwise coordinate
OL = angle of attack
6 = cone half-angle
6 = semiwedge angle
/* = doublet strength
a = source strength

Subscripts
i = inner control-point index number
/' = outer control-point index number
j = nodal-point index number for doublet
k = nodal-point index number for source
y'max, Amax = total numbers of nodal points on the body

panels

Introduction

T O analyze flight mechanics of air crafts or missiles, it is
necessary to know their aerodynamic characteristics pre-

cisely. Among the current methods of computational fluid
dynamics, panel methods are considered to be most practical
because of the arbitrariness of body shapes and the low cost
of computation. Panel methods, which are often used in
analyzing incompressible or subsonic flow around arbitrary
configurations,1 are also known to be applicable to super-
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sonic flow. However, there exist additional difficulties, since
the fundamental equation is of the hyperbolic type. Great ef-
forts have been devoted to developing panel-method pro-
grams for supersonic flow, such as USSAERO2 and PAN
AIR,3'4 and it was found necessary to implement the follow-
ing two requirements: 1) continuity of doublet strength and
contiguity of panel surface must be ensured on panel edges,
and 2) source and doublet must obey Green's formula, i.e.,
perturbation potential must be zero outside the real-flow
region. Here, the first requirement arises from the need for
continuity of potential across the downstream characteristic
surfaces departing from panel edges. The second require-
ment is needed to prevent a spurious Mach wave from being
propagated into the body, penetrating panels on the opposite
side, and then entering the real-flow region again.

In the development of a new panel-method program
MARCAP (Mitsubishi's Arbitrary Configuration Aero-
dynamic Program), the two requirements are considered as
the basis of the scheme, but in other aspects, the program is
improved radically compared to the conventional ones. Clear
distinctions between panels, nodal points, and control points
are found to be useful in simplifying the scheme. Triangular
panels are used to provide contiguity of surface along panel
edges. Linear distribution is adopted for the doublets to
satisfy the first requirement, while both constant and linear
distributions are examined for the sources, and the results
are compared. Morino's boundary condition5 is employed
for simplicity, but the velocity boundary condition (VBC),
which strictly ensures flow tangency, is also applied in some
cases, and the results are compared. The program is tested
for simple configurations such as cones, a two-dimensional
double-wedge wing, and a delta wing with a diamond sec-
tion. Then the results are compared with analytical solutions
and also with the results of previous work. Next, flows
around wing-body configurations (AGARD-A and -B models)
are simulated and compared with wind-tunnel tests.

General Description of the Program
Definition of Nodal Point and Control Point

Constructing the new simplified scheme, a nodal point and
a control point are redefined as follows: a nodal point is the
point location where the source strength and/or doublet
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o nodal point
for linear distribution

Fig. 1 Panels and nodal points.

strength is assigned, and a control point is the point location
where the potential value or the velocity vector is evaluated.
The redefinition of a nodal point makes it easier to determine
a higher-order distribution of source and/or doublet in a sim-
ple manner. A nodal point and a control point have different
roles as stated; therefore, both need not agree with each other.

Definition of Nodal Point
Because of the first requirement, the strength of doublet

cannot be constant on each panel, and a higher-order panel
method is needed for simulation of a supersonic flow. Con-
sider a singularity such as source or doublet distributed on an
assembly of contiguous panels, and that its strength on each
panel obeys a polynomial function of coordinates defined on
the panel. The distribution of source and/or doublet on the
whole panel assembly can be determined by its strength at a
finite number of points distributed on the panel assembly in a
definite manner. These points may be called "nodal points,"
for they are often distributed on the nodes of the panel
assembly.

A nodal point and a panel play different roles: the former is
the point location where the strength of the singularity is
assigned, while the latter is a geometrical unit of the discret-
ized shape of the boundary surface. Consequently, the total
number of the former need not coincide with that of the latter
except for a zeroth order distribution, i.e., a constant strength
on each panel. If an unreasonable restriction that both
numbers be equal were imposed in a higher-order method, the
computational scheme would become irrationally compli-
cated. For example, the PAN AIR scheme adopts linear and
quadratic distribution for source and doublet, respectively,
but the total number of nodal points and panels are set to be
equal. This requires a lot of skillful techniques such as least-
squares fits, subdivision of panels, and so on, to determine the
distribution of singularities.

MARCAP adopts triangular panels. For linear distribution,
nodal points are set on the panel vertices, each of which com-
monly belongs to its adjacent panels (see Fig. 1). On the other
hand, the panels themselves can be regarded as the nodal
points for constant distribution. Consequently, the number of
unknown parameters determining the distribution on each
panel is exactly equal to the number of the nodal points on the
panel (including the vertices) for both types of distribution.
Continuity of strength is ensured on panel edges for linear
distribution, since the distribution on each edge is determined
uniquely by the strength on the nodal points at both ends of
the edge. Moreover, there is no need for average planes, since
triangular panels are always planar, and contiguity of panels is
always satisfied.

Definition of Control Point
The Prandtl-Glauert equation for supersonic flow can be

transformed into an integral equation as follows:6

Fig. 2 Illustration of the physical meaning of an influence coeffi-
cient for linear distribution.

where 0 = perturbation velocity potential, R = hyperbolic
distance between P and Q, d/dnc = spatial derivative to the
direction of conormal on dS, Sw = point P's dependence do-
main part of boundary surface S, *]dS = finite part of the in-
tegral, and Q = a point on dS. If source and doublet are
distributed according to Green's formula to satisfy the second
requirement stated earlier, they are defined as follows:

a=(d<t>/dnc) +

(2)

(3)

where superscript+ = a value at the limit of approaching P
from the real-flow region.

Equations (1-3) define the relation between the strength of
singularities on the boundary surface S and the induced poten-
tial at a point P. In a numerical simulation, the boundary sur-
face is discretized to a panel assembly. The point P is called a
"control point." A control point is different from a nodal
point; thus, the position of the former may be decided in-
dependently from that of the latter unless the program scheme
demands dependency.

In constructing Morino's scheme, there exist three methods
of positioning the control point: 1) in the real-flow region
(i.e., outside the panel assembly), 2) on the panel (using
Cauchy's principal value integration), and 3) out of the real-
flow region (i.e., inside the panel assembly). The algebraic
equations for each case are obtained by discretizing Eq. (1),
and become

y'max /max
V"^ V"^ i~ r\

(/=!,2,...,/max)

for the first and the second methods and

(4)

ymax kmax

(/=1,2,...,/max) (5)

=_LC » (_L)ds__L( _J
ITT Jsw a«c V R / 27rJsw R

for the final method. Here, /is a control-point index number,./
and k are nodal-point index numbers for doublet and source,
respectively, /*,- and ak are the doublet and source strength,
respectively, on the nodal points, a^ and bik are influence
coefficients, and dfj is the Kronecker delta. For a linear
distribution in the present work, each influence coefficient
represents an influence of a nodal point via its adjacent panels
(see Fig. 2). In the case of the first method, every control point
must approach the nodal point of the same index number in-
finitely, i.e., P/ —Qy where j= j, because Eq. (2) must be utiliz-
ed to make the system of Eq. (4) closed. Similarly, each con-
trol point must be just on the nodal point in the case of the se-
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cond method. The final method, however, imposes few
restrictions oh the positions of the control points except that
they must be inside the panel assembly. This comes from the
fact that the potential at each control point is zero, and that no
other independent variables appear in the left-hand side of Eq.
(5), even if the control point is positioned away from any
nodal points. The arbitrariness of the control-point position
removes the difficulties that appear in calculating influence'
coefficients when the control point is on the plane including
the panel or on the straight line including the panel edge. This
fact is also applicable to the VBC scheme in determining the
positions of the inner control points.

Program Scheme
When Morino's scheme is applied, the panel assembly is

formed to approximate the shape of the body and the wakes,
and the distribution of source strength is determined explicitly
with the mass flux boundary condition, i.e.,

ok-—U-nk (k= l,2,...,&max) (6)

where nk is a unit normal to the panel assembly on the kih
nodal point for source and Uis the freestream velocity vector.
The component of freestream velocity normal to the panel sur-
face is approximately cancelled by this condition. The doublet
strength on each nodal point is determined so that the pertur-
bation velocity potential vanishes at any points inside the
panel assembly. For this purpose, control points are distrib-
uted inside the domain of the panel assembly. The total
number of control points is equal to that of the nodal points
on the body panels. The positions of the control points can be
chosen practically arbitrarily as shown before, which sim-
plifies the evaluation of influence coefficients. The strength of
the doublet is determined by setting the potential on the con-
trol points to zero, i.e., by solving Eq. (5).

In the velocity boundary condition (VBC) scheme, not only
the doublet strength but also the source strength must be
determined implicitly in order to ensure strict tangency.
"Outer control points" are distributed on the body surface,
and the flow is set to be tangent to the surface at those points,
i.e.,

(i' = l,2,...,*max) (7)

where /' is ari outer control-point index number, nr is a unit
normal to the body surface on the control point, and arj and
brk are velocity influence coefficient vectors. Additional con-
ditions represented by Eq. (5) must be imposed on the "inner
control points" in the same manner as in Morino's scheme
(see Fig. 3). The unknowns ̂  and ak are obtained by solving
Eqs. (5) and (7) simultaneously. It should be noted that the

Q nodal point
A inner control point
a outer control point

velocity boundary condition is imposed on the outer control
points but not on the nodal points or on the panels. Thus, the
panel assembly need not approximate the body shape in this
scheme, because the former can be positioned apart from the
outer control points.

Since the potential at a control point is not influenced by its
downstream region in a supersonic flow, wakes are not needed
in some types of flows, e.g., a flow around a wing with a
supersonic trailing edge. However, there is a need for wakes
for other types of flows: a flow around a wing with a subsonic
trailing edge, around a wing-body shape, etc. In these cases,
wakes are shed from the trailing edges of the wings. For a
wing-body shape, the wake is linked to the body. Each wake
consists of two panel assemblies overlaid, each of which is
considered as the extended part of the upper and the lower sur-
face of the wing, respectively. On the assemblies, there are
distributed rows of nodal points of doublet, each of which is
placed on the common Vertex of its adjacent panels, and every
row is connected with a nodal point On the trailing .edge (see
Fig. 4). Here, two nodal points exist at the same point on the
trailing edge, one belonging to the upper surface and the other
to the lower. Doublets alone are distributed on the wake
panels. The influence of nodal points on the wake is added to
the respective influence coefficients of their connected
trailing-edge nodal points, because the doublet strength can be
set constant on each row.5

Pressure coefficients on each panel are evaluated from the
strengths of doublet on the vertices of the panel in the cases
of Morino's scheme. In the cases of the VBC scheme> the
coefficients on each outer control point are given from the
solutions and velocity influence coefficients.

Results
Morino's scheme is employed in most cases. Thus, it is not

overtly mentioned in this section when the method is re-
stricted to this scheme.

Flows around Cones
An example of the panel assemblies used in the simula-

tions of flows around cones is shown in Fig. 5. Pressure
distributions on the panel surface obtained in the cases of

i--—row 3 (upper), row 4 (lower)

i——— row 5 (upper), row 6 (lower)

(---- row 7 (upper), row 8 (lower)

O nodal points on the wake

Fig. 4 Rows of nodal points on the wake panels.

Fig. 3 Outer and inner control points. Fig. 5 A panel assembly simulating a cone.
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Fig. 6 Pressure distributions on a cone.

o nodal point
A control point

Fig. 7 An example of the distributions of nodal and control points.

constant and linearly varying sources are compared in Fig. 6.
The doublet distribution is kept linear in both cases; the cone
half-angle 6= 10 deg, the angle of attack a-0 deg, and the
freestream Mach number M=V2. In the case of a linear
source distribution, the source strength a at the cone tip is
set at zero. The result of the constant source shows better
agreement with theoretically predicted constant pressure than
that of the linear source; thus, constant source distributions
are used in the following simulations.

To prove the arbitrariness of control-point positions, their
distributions are varied in three ways and compared. Each
control point is shifted from the position of the nodal point
of the same index number by distance d to the direction op-
posite to the outer normal of body surface (see Fig. 7). This
method of cpntrol-point determination is adopted to prevent
the diagonal elements of the doublet influence-coefficient
matrix from being zero, thus avoiding the singularity of the
algebraic equations. Such care is not needed in subsonic or
incompressible flows. The length d is set as follows:

for case 1:
for case 2:

for case 3:

d-0.005/!
^ = 0.005^
d = 0.2r
d =0.005^
d=0.5r

(at the cone tip)
(other than tip)
(at the cone tip)
(other than tip)

where ^ = length of the downstream side edge of the upmost
stream panel and r-cone radius at the respective position.

As shown in Table 1, the results of cases 1 and 2 coincide
almost exactly, though the influence coefficients themselves
are very different from each other. This proves that the con-
trol points can be displaced from the nodal-point positions
or the panels. In case 3, however, the pressure coefficients
diverge on the panel of the downstream region. It is found
that the influence-coefficient matrix becomes less diagonally
dominant as distance d increases, and the divergence in the
third case is caused by the computational round-off error in
the matrix inversion. This prohibits each control point from
separating excessively far from the nodal point of the same
index number. But this limitation does not reduce the advan-

Present Results
V.B.C Morino

• O
A A

PAN AIR pilot code
Morino

Cp = -2u-(l-M2)u2-v2-w2
Cp = -2u-v*-w2
Cp = -2u

Cp = -2u-vz-w

10 20 30

8 (deg)

Fig. 8 Pressure coefficients vs cone half-angle.

Table 1 Pressure distributions on a cone

1.3 3.0 5.0 7.0

Case 1
Case 2
Case 3

0.1350
0.1350
0.1350

0.1349
0.1350
0.1350

0.1349
0.1350
Diverge

0.1349
0.1350
Diverge

Cp = - 2u - (1 - M2)«2 - v2 — W2. x = axial coordinate.

tage of the arbitrariness of the control-point positions in
calculating the influence coefficients. In the following
simulations, however, the distances between control points
and nodal points are set to be no more than 10 ~3 times the
representative length of the configurations, which was found
to be enough to avoid difficulty in calculating the influence
coefficients. It should be noted again that displacing control
points from nodal points causes no mathematical error, as
was proved by the preceding simulations. Computational
round-off error is caused by the other mechanism. It was
found in the procedure of the following simulations that the
distances previously cited are small enough to prevent this
kind of error from having harmful effects on the numerical
procedures for various configurations having vastly different
length scales and closely coupled surfaces of different panel
spacings.

Results of varying two parameters 6 and M by keeping
cx = 0 deg are shown in Figs. 8 and 9. Pressure distributions
around a cone are shown in Fig. 10, where the parameters
are set to a = 5 deg, 6=10 deg, and M- 1.5. Both Morino's
scheme and the VBC scheme are employed. Pressure coeffi-
cients are evaluated using three kinds of approximate expres-
sions. In every figure, analytical solutions7:10 and the results
of the PAN AIR pilot code3 are also shown. It cannot be
predicted theoretically which expression for the pressure
coefficient yields the best results, for the fundamental equa-
tion has already been linearized. The differences between
their results, however, can be an indication of the perturba-
tion's magnitude relative to the freestream velocity and can
thus show a criterion of the correctness of the linearization
in each case. .

It can be concluded from the figures that the present results
agree satisfactorily with analytical solutions, especially for the
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Present Results
V.B.C Morino
• O
A A
• D

PAN AIR pilot code
V.B.C Morino

Cp

Cp = -2u-(l-M2)u2-v2-w2

Cp = -2u-v2-w2

Cp = -2u

Cp = -2u-v2-w2

1.0 2.0 3.0
M

Fig. 9 Pressure coefficients on a cone vs freestream Mach number.

Present Results

O Cp = — 2u —( 1 — M 2 ) u 2 — v 2 —w2

A Cp = -2u-v2-w2

D Cp = -2u

/—Shock-Expansion Theory

Cp

-.2

B G G & D P

Linear Theory-

0 .2 .4

a = 0°
M= 1.745
6 = 6.005°

1.0

Fig. 12 Pressure distribution on a double-wedge wing.

Present Results
V.B.C Morino

• O
A A
• Q

PAN AIR pilot code
V.B.C Morino

Cp = -2u-( 1-M2) u2-v2—w2

Cp = -2u-vz-w2

Cp = -2u

Cp = -2u-v2-w2

Cp

-Analytical Solution

0 60 120 180

Circumferential Angle 0 ( deg )

Fig. 10 Pressure distribution around a cone.

Fig. 11 A panel assembly simulating a double-wedge wing.

Fig. 13 A panel assembly simulating a delta wing with a diamond
section.

VBC scheme, unless the perturbation is too large. However,
the differences caused by the variation of pressure coefficient
expressions are increased in the results of Morino's scheme
compared with those in the VBC scheme's results. Deviations
from analytical solutions are also increased in Morino's
scheme in most cases. These are believed to be caused by the
penetrating flow through the panel surface, which cannot be
prohibited perfectly by the mass flux boundary condition
employed in Morino's scheme. The trend of the present results
is the same as that of the PAN AIR pilot code,3 although the
conclusions are partially different, for the results of the latter
are restr icted in the cases of the expression
Cp= -2u-v2- w2, and the results of the VBC scheme are
omitted in their figure corresponding to Fig. 8 in this paper.
This suggests that equivalent computations can be performed
by both programs, though the scheme of the present one is
much simpler than that of the PAN AIR pilot code.

Flows around a Double-Wedge Wing
Half of the total panel assembly simulating a double-

wedge wing is shown in Fig. 11. ,The flow is kept two-
dimensional except in the wing tip region, and the chordwise
pressure distribution can be obtained easily by the shock-
expansion theory or the linear theory, both of which are
shown in Fig. 12 for the case df M= 1.745 and a = 0 deg.
They are compared with the present computational result us-
ing three types of expressions for pressure coefficients. The
latter agrees well with the former two.

Flows around a Delta Wing
A half-model of a delta wing with a diamond section used

in the computation is shown in Fig. 13. Here, the sweep
angle of the leading edge is 45 deg and the thickness ratio is
0.05. Chordwise pressure distributions obtained by the pres-
ent simulation and by an analytical method11 are shown in
Figs. 14a-c by setting <x = 0 and 1 deg, and M=2.0. The
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Present Results
O Cp = -2u-(l-M*)u2-v2-w2
A Cp = — 2u —v 2 —w*
Q Cp = -2u

- Analytical Solution

Fig. 14 Chord wise pressure distribution on a delta wing with a dia-
mond section.

(a) AGARD-A model

(b) AGARD-B model
(half model)

Fig. 15 Panel assemblies simulating wing-body configurations.

spanwise coordinate y is set 0.25 times half-span in the
analytical solutions, but in the present results, it extends to
the width of the panels. However, the agreement is almost
right except for the positions where the influence of the
wing's vertex or of the ridge lines' intersecting point appears.
This can be caused by extension of the panels.

Present Results

V.B.C
+ Morino Moi

O Cp = -2u-( l -M*)u*-v*-w
A Cp = -2u-v2-W2
Q Cp = -2u

Wind Tunnel Tests

M'= 1.5

-4

M = 1.52

0 4 8 1 2 - 1 2 -

(deg)

-.6

0 4 8 12
a (deg)

(a) AGARD-A model (b) AGARD-B model

Fig. 16 Lift coefficients vs angle of attack.

Present Results

V.B.C
-r Mbrino Morino

• O Cp = - - 2 u - ( l - M * ) u 2 - v z - w
A A Cp = -2u-v2-w2
• D Cp = -2u

M = 1.5
M = 1.52

-12 - 8 - 4 0 4 8 12 -12 -8 -4 0 4 8 12
a (deg) a (deg)

(a) AGARD-A model (b) AGARD-B model

Fig. 17 Drag coefficients vs angle of attack.

Table 2 Examples of CPU time

Configuration

Double-wedge
wing

Delta wing
AGARD-A
AGARD-B

Total number Total number
of panels* of nodal points3

180 106
360 206
404 230
578 329

CPU time
(s)

60
171
300
514

aThe number of panels or nodal points contained in the half model.

Flows around Wing-Body Configurations
The panel assemblies used in the simulations of flows

around wing-body configurations (AGARD-A and -B models)
are shown in Fig. 15. The wake of the AGARD-A's
body is treated as a part of the body in the main procedure,
but the aerodynamic force on it is not counted in the calcula-
tion of total force. Morino's scheme is employed in the
simulations of flows around the entire configurations, and
the VBC scheme is also utilized to simulate the flows around
the forebodies, where the perturbation's magnitude may be
considerably larger. Total force is calculated by integrating
the pressure on each panel. Here, the pressure distribution is
obtained from Morino's scheme alone or is partially replaced
by that given by the VBC scheme. The numerical results for
lift and drag coefficients for the cases of a. = 0, 4, and 8 deg
are shown in Figs. 16 and 17, respectively, together with the
results of wind tunnel tests.12'13 The experimental results are
shifted so as to pass through the origin in Fig. 16, arid the
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zero-lift drag coefficients are subtracted from both results in
Fig. 17. Numerical results for lift coefficients in the
AGARD-A case coincide with those of the experiments
almost exactly. Moreover, there is little dependence on the
expression of pressure coefficients. In the AGARD-B case,
however, the numerical results for CL differ slightly from
those of the experiments in the case of a = 8 deg, and the
fluctuation caused by the variation of pressure expressions is
somewhat enlarged. The fluctuation is reduced by employing
the VBC scheme at the forebody, and thus, it is considered
to have some relation to the penetrating flow at the forebody
region occurring in Morino's scheme. The consistency of
(CD-CDO) between the simulations and the experiments is
good in every case. If Morino's scheme is employed for the
entire configurations, however, the fluctuations caused by
the variation of pressure expressions are enlarged when a. = 8
deg in the case of both models.

Computation Time and Program Size
The examples of CPU time needed in the present simula-

tions using Morino's scheme are shown in Table 2. The
employed computer is IBM 4361-5. The time is within a
reasonable limit, though the present program is a prototype,
and techniques like far-field expansions, panel blocking,
etc., are not utilized to reduce the computation time. This is
enough to show the practicability of this program.

The program consists of three parts: preprogram, main
program, and postprogram. The preprogram provides the
data inherent in each configuration, and the postprogram
evaluates the required data from the solutions obtained by
the main program. The principal scheme is wholly included
in the main program, which consists of a procedure of about
900 steps written in FORTRAN for version 1 and a pro-
cedure of about 1800 steps for version 2. Here, version 2
utilizes temporary data sets outside the CPU, while version 1
does not, and both versions employ Morino's scheme. The
program size is comparable to those of the panel methods
for incompressible or subsonic flow.

Conclusions
Supersonic flows about several types of configurations are

simulated using a new panel-method program MARCAP. In
constructing the program, clear definitions of a nodal point
and a control point have made the scheme much simpler
than the conventional ones. Triangular panels are used to
provide contiguity of surface along panel edges. Morino's
scheme is employed for most cases, and the velocity boun-
dary condition scheme is also applied to some cases. The
results for flows around cones, a double-wedge wing, a delta
wing, and wing-body configurations show good agreement

with analytical solutions or wind-tunnel tests unless the per-
turbation is too large to satisfy the assumption of linearized
flow. The disagreements appearing in the large perturbation
cases are reduced when the velocity boundary condition
scheme is employed instead of Morino's scheme. The trend
of the present results for flows around cones is the same as
that of the PAN AIR pilot code, which suggests that
equivalent computations can be performed by both pro-
grams, although the scheme of the MARCAP is much
simpler than that of the PAN AIR pilot code. The present
program is a prototype, but the computation time is within a
reasonable limit. The program size is comparable to that of
the panel method for incompressible or subsonic flow.
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